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Abstract
In this paper, we consider three types of k-essence. These k-essence models were presented
in the parametric forms. The exact analytical solutions of the corresponding equations of
motion are found. It is shown that these k-essence models for the presented solutions can give
rise to cosmic acceleration.
1 Introduction
Dark energy has become one of the most important issues of the modern cosmology ever since
the observations of type Ia supernovae (SNe Ia) first indicated that the universe is undergoing an
accelerated expansion at the present stage [1]. However, hitherto, we still know little about dark
energy. Dark energy is almost equally distributes in the Universe, and its pressure is negative.
The simplest and most theoretically appealing candidate of dark energy is vacuum energy (or
a cosmological constant Λ) with a constant equation of state (EoS) parameter w = −1. This
scenario is in general agreement with the current astronomical observations, but has difficulties
to reconcile the small observational value of dark energy density with estimates from quantum
field theories; this is the cosmological constant problem [2]. Recently it was shown that ΛCDM
model may also suffer an age problem [3]. It is thus natural to pursue alternative possibilities to
explain the mystery of dark energy. Over the past decade numerous dark energy models have been
proposed, such as quintessence, phantom, k-essence, tachyon, (generalized) Chaplygin gas, DGP,
etc. K-essence, a simple approach toward constructing a model for an accelerated expansion of the
Universe, is to work with the idea that the unknown dark energy component is due exclusively to
a minimally coupled scalar field φ with non-canonical kinetic energy which results in the negative
pressure [4]. The k-essence scenario has received much attention, it was originally proposed as a
model for inflation [5], and then as a model for dark energy [4]. Its action has the form
S =
∫
dx4
√−g[ 1
2k2
R+K(X,φ) + Lm]. (1.1)
This general field Lagrangian includes as particular cases the common canonical scalar field model,
DBI-inflaton [45] and k-inflation/k-essence [5]. In several cases, k-essence cannot be observationally
distinguished from quintessence [6]. A method to obtain a phantom version of FRW k-essence
cosmologies was devised in [6]. The stability of k-essence was studied in [8]. Dynamics of k-
essence were discussed in [9]. Conditions for stable tracker solutions for k-essence in a general
cosmological background were derived in [10]. Slow-roll conditions for thawing k-essence were
obtained in [11]. A connection between the holographic dark energy density and the kinetic k-
essence energy density was discussed in [12]. An holographic k-essence model of dark energy was
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proposed in [13]. The geometrical diagnostic for purely kinetic k-essence dark energy was discussed
in [14]. The equivalence of a barotropic perfect fluid with a k-essence scalar field was considered
in [15], [16]. Dark matter to dark energy transition in k-essence cosmologies was examined in
[17]. Models of dark energy with purely kinetic multiple k-essence sources that allow for the
crossing of the phantom divide line were investigated in [18]- [19]. The thermodynamic properties
of k-essence was discussed in [20]. Models of k-essence unified dark matter were discussed in
[21]-[25]. Power-law expansion in k-essence cosmology was investigated in [26]. Theoretical and
observational constraints on k-essence dark energy models were discussed in [27]-[29]. In Ref. [30],
a model independent method of reconstructing the Lagrangian for the k-essence field by using three
parametrizations for the Hubble parameter H(z) was studied in detail. With assumptions on the
EoS of k-essence as functions of the scale factor, Ref. [31] discussed the forms of the Lagrangians.
By assuming the EoS of k-essence as functions of the kinetic energy, Ref. [32] consider restrictions
on purely kinetic k-essence. Some properties of k-essence have been studied in [53]-[55].
Since from it was proposed, k-essence was been studied intensively. It is still worth investigating
in a systematic way the possible cosmological behavior of the k-essence cosmology. Thus, in the
present work we reconstruct some of k-essence models. We are interested in investigating the
possible late-time solutions. In these solutions we calculate various observable quantities, such
as the density of the dark energy and the equation of state parameters. As we see, k-essence
cosmology can be consistent with observations.
This paper is organized as follows. In the following section, we briefly review the model of
k-essence. In Sec.III, we study the tanh-models of k-essence and in Sec. IV, we investigate their
cosmological behaviors. Finally, the last section is devoted to conclusions. Note that in this paper,
we have used the metric signature (−,+,+,+) and natural units with 8piG = c = ~ = 1.
2 Briefly review on purely kinetic k-essence
Let us start from the following action of pure kinetic k-essence [4, 5, 33]
S =
∫
dx4
√−g[ 1
2k2
R+K(X) + Lm], (2.1)
where Lm is the matter Lagrangian density. HereK(X) is the k-essence Lagrangian, which depends
on the dimensionless quantity X defined by
X = −0.5gµνφµφν . (2.2)
A possible motivation for actions of this form comes from considering low-energy effective string
theory in the presence of a high-order derivative terms [34]-[36]. Such theories have been exploited
as models for inflation and dark matter/energy, for example a purely kinetic k-essence or ghost
condensate. The simplest nontrivial example of purely kinetic k-essence is a ghost condensate
Lagrangian
Kgh = α(1 −X)2, (2.3)
which has been also studied in the context of dark matter/energy unification. Another example
originates from the Dirac-Born-Infeld description of a d-brane in string theory with the scalar
Born-Infeld type Lagrangian
KDBI = α
√
1−X. (2.4)
The energy momentum tensor obtained from (2.1) takes the perfect fluid form,
Tµν = − 2√−g
δ(
√−gK)
δgµν
= 2KXφµφν +Kgµν = (ρk + pk)uµuν + pgµν . (2.5)
Here
uµ = η
φµ√
X
, (2.6)
where η is +1 or −1 according to whether φ0 is positive or negative, i.e., the sign of of uµ is chosen
so u0 is positive. The associated hydrodynamic quantities are
pk = K, ρk = 2XKX −K (2.7)
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so that the equation of state parameter, w, is
wk =
pk
ρk
=
K
2XKX −K . (2.8)
Here pk, ρk are the pressure of the scalar field φ and its energy density, respectively. We also
introduce the sound speed of k-essence, which is the relevant quantity for the growth of density
perturbations,
c2s =
pkX
ρkX
=
KX
2XKXX +KX
. (2.9)
Let us rewrite Eq.(2.9) as
2XKXX + (1− c−2s )KX = 0. (2.10)
The definition of the sound speed comes from the equation describing the evoluion of linear adi-
abatic perturbations in a k-essence dominated Universe [34] (the non-adiabatic perturbation was
discussed in [37]-[39], here we only consider the case of adiabatic perturbations). Perturbations can
become unstable if the sound speed is imaginary, c2s < 0, so we insist on c
2
s ≥ 0. Another potentially
interesting requirement to consider is c2s ≤ 1, which says that the sound speed should not exceed
the speed of light, which suggests violation of causality. Note, however, this is still an open prob-
lem (see e.g. [40]-[45]). We now consider the spatially flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) space-time with a time-dependent scale factor a(t) and a metric
ds2 = −dt2 + a(t)2
3∑
i=1
(dxi)2, (2.11)
where t is cosmic time. For this metric the equations of motion and the continuty equation take
the form
3
k2
H2 = 2XKX −K + ρm, (2.12)
− 1
k2
(2H˙ + 3H2) = K + pm, (2.13)
(KX + 22XKXX)X˙ + 6HXKX = 0, (2.14)
˙ρm + 3H(ρm + pm) = 0. (2.15)
As known, from (2.14) or from its equivalent form ρ˙k + 3H(ρk + pk) = 0 follows that
XK2X = κa
−6, (2.16)
where κ = const ≤ 0 since X = 0.5φ˙2. Also we note that asK(X) = 0 Eqs. (2.12)-(2.13) transform
to the usual Friedmann equations of GR
3
k2
H2 = ρm,
1
k2
(2H˙ + 3H2) = −pm. (2.17)
So we can rewrite the equations (2.12)-(2.13) as
3
k2
H2 = ρm + ρk = ρtot,
1
k2
(2H˙ + 3H2) = −(pm + pk) = −ptot, (2.18)
where ρk, pk are the k-essence contributions to the energy density and pressure. We also present
the parameter of state
wtot =
ptot
ρtot
=
pk + pm
ρk + ρm
= −1− 2
3
(lnH)N , wk =
pk
ρk
, wm =
pm
ρm
. (2.19)
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3 New types of k-essence
Let us introduce the following form of the k-essence
K =
M∑
j=0
νjy
j , (3.1)
where y = tanh[t] and in general νj = νj(φ) = νj(t). But in this work we restrict ourselves to the
case when νj = const. The models of the form (3.1) are may be a new types of of k-essence. To
solve the gravitional equations we use the reconstruction method (see e.g. [56]-[59]). For example,
we can look for H as
H =
∑
j
µjy
j , (3.2)
where in general µj = µj(t). But in this paper we assume that µj = const. Below we would
like to construct some exact solutions of the equations (2.12)-(2.13). For simplicity we assume
that ρm = pm = 0 = k
2 − 1. Here also we mention that as we assumed in the end of the
introduction section, we work with the natural units where 8piG = c = ~ = 1 so that all variables
are dimensionless. In particular, the variables (constants) νj and µj are dimensionless. Eqs.(2.12)-
(2.13) take the form
3H2 = 2XKX −K, (3.3)
−(2H˙ + 3H2) = K. (3.4)
Note that
H˙ = −XKX (3.5)
and
X = κ−1H˙2a6. (3.6)
3.1 Example 1: M = 2
First we consider the case: M = 2. Then
K = ν0 + ν1y + ν2y
2. (3.7)
Let H has the form
H = µ0 + µ1y, (3.8)
so that
a = a0e
µ0t coshµ1 [t]. (3.9)
From (3.4) we obtain the following explicit form of the k-essence Lagrangian
K = −(2µ1 + 3µ20)− 6µ0µ1y + 3µ1(2 − µ1)y2. (3.10)
At the same time, Eq.(3.3) we gives
2XKX = 3H
2 +K = −2H˙ = −2µ1(1− y2). (3.11)
For X we get the following expression
X = κ−1a60µ
2
1e
6µ0t cosh4+6µ1 [t] = κ−1a60µ
2
1e
2st cosh2l[t]. (3.12)
The corresponding scalar function φ is
φ = ∂−1t
√
−2X = φ0 −
√
−2κ−1a30µ1
2−lest(e−t + et)l(1 + e2t)−lZ
h
, (3.13)
where Z = Hypergeometric2F1[h2 ,−l, 12 (2 + h),−e2t], l = 2 + 3µ1, s = 3µ0, h = sLog[e] −
l, φ0 = const. Finally we get the following expressions for the density of energy and pressure:
ρk = 3(µ0 + µ1y)
2, pk = −(2µ1 + 3µ20)− 6µ0µ1y + 3µ1(2− µ1)y2. (3.14)
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3.2 Example 2: M = 6
Here we assume that M = 6. Then
K = ν0 + ν1y + ν2y
2 + ν3y
3 + ν4y
4 + ν5y
5 + ν6y
6. (3.15)
The Hubble parameter we give in the form
H = µ0 + µ1y + µ3y
3. (3.16)
Hence for the scale factor we obtain
a = a0 cosh
(µ1+µ3)[t]e{µ0t+0.5µ3 cosh
−2[t]}. (3.17)
Using
H˙ = µ1 + (3µ3 − µ1)y2 − 3µ3y4, (3.18)
H2 = µ20 + 2µ0µ1y + µ
2
1y
2 + 2µ0µ3y
3 + 2µ1µ3y
4 + µ23y
6 (3.19)
from (3.4) we get
ν0 : = −(2µ1 + 3µ20), (3.20)
ν1 : = −6µ0µ1, (3.21)
ν2 : = −2(3µ3 − µ1)− 3µ21, (3.22)
ν3 : = −6µ0µ3, (3.23)
ν4 : = 6µ3(1− µ1), (3.24)
ν5 : = 0, (3.25)
ν6 : = −3µ23. (3.26)
From (3.6) we obtain
X =
a60
κ
[µ1 + (3µ3 − µ1)y2 − 3µ3y4]2e[6(µ0t+0.5µ3 cosh
−2[t])] cosh6(µ1+µ3)[t]. (3.27)
The density of energy and pressure are given by
ρk = 3(µ0 + µ1y + µ3y
3 + µ5y
5)2, (3.28)
pk = ν0 + ν1y + ν2y
2 + ν3y
3 + ν4y
4 + ν5y
5 + ν6y
6, (3.29)
respectively.
3.3 Example 3: M = 10
Finally we consider the example when M = 10 so that the corresponding k-essence has the form
K = ν0 + ν1y + ν2y
2 + ν3y
3 + ν4y
4 + ν5y
5 + ν6y
6 + ν7y
7 + ν8y
8 + ν9y
9 + ν10y
10. (3.30)
We assume that H given in the form
H = µ0 + µ1y + µ3y
3 + µ5y
5, (3.31)
so that for the scale factor we have the expression
a = a0e
{µ0t+(µ5+0.5µ3) cosh
−2[t]−0.25µ5 cosh
−4[t]} cosh(µ1+µ3+µ5)[t]. (3.32)
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Note that if µ5 = −µ1 − µ3 then the scale factor becomes
a = a0e
{µ0t−(µ1+0.5µ3) cosh
−2[t]+0.25(µ1+µ3) cosh
−4[t]}. (3.33)
In general as t→∞
a→ a0e(µ0+µ1+µ3+µ5)t. (3.34)
We need in the following formulas
H˙ = µ1 + (3µ3 − µ1)y2 + (5µ5 − 3µ3)y4 − 5µ5y6, (3.35)
H2 = µ20 + 2µ0µ1y + µ
2
1y
2 + 2µ0µ3y
3 + 2µ1µ3y
4 + 2µ0µ5y
5 + (µ23 + 2µ1µ5)y
6 + 2µ3µ5y
8 + µ25y
10.
(3.36)
Then Eq.(3.4) gives
ν0 : = −(2µ1 + 3µ20), (3.37)
ν1 : = −6µ0µ1, (3.38)
ν2 : = −2(3µ3 − µ1)− 3µ21, (3.39)
ν3 : = −6µ0µ3, (3.40)
ν4 : = 6µ3(1− µ1)− 10µ5, (3.41)
ν5 : = −6µ0µ5, (3.42)
ν6 : = 10µ5 − 3µ23 − 6µ1µ5, (3.43)
ν7 : = 0, (3.44)
ν8 : = −6µ3µ5, (3.45)
ν9 : = 0, (3.46)
ν10 : = −3µ25. (3.47)
After some algebra we get the following important expressions
2XKX = −2[µ1 + (3µ3 − µ1)y2 + (5µ5 − 3µ3)y4 − 5µ5y6], (3.48)
X =
a60
κ
[µ1 + (3µ3 − µ1)y2 + (5µ5 − 3µ3)y4−
5µ5y
6]2 cosh6[µ1+µ3+µ5)[t]e{6[µ0t+(µ5+0.5µ3) cosh
−2[t]−0.25µ5 cosh
−4[t]]}. (3.49)
Hence we can recover the function φ:
φ = ∂−1t
√
−2X. (3.50)
Finally we present the formulas for the density of energy and pressure:
ρk = 3(µ0 + µ1y + µ3y
3 + µ5y
5)2, (3.51)
pk = ν0 + ν1y + ν2y
2 + ν3y
3 + ν4y
4 + ν5y
5 + ν6y
6 + ν8y
8 + ν10y
10. (3.52)
4 Cosmic speed-up
Now we would like to show that the above presented models at least for some values of the
parameters µj admit the cosmic acceleration. We illustrate our arguments for Example 2 (M = 6).
In this case we have
a|t→∞ → a0e(µ0+µ1+µ3)t. (4.1)
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The corresponding acceleration is
a¨|t→∞ → (µ0 + µ1 + µ3)2a0e(µ0+µ1+µ3)t. (4.2)
Hence follows that a¨ ≻ 0 so we have the acceleration phase. The exception is the case when
µ0 + µ1 + µ3 = 0 that corresponds to the transition between the deceleration and acceleration
phases.
For the equation of state we get
wk =
pk
ρk
= −1 + 2XKX
2XKX −K = −1−
2µ1 − (2µ1 − 6µ3) tanh2[t]− 6µ3 tanh4[t]
3(µ0 + µ1 tanh[t] + µ3 tanh
3[t])2
. (4.3)
Hence we see that wk|t→0 = −1− 2µ13µ2
0
, wk|t→∞ = −1. Here can be observed the last two phases
2 4 6 8 10
t
-1.12
-1.10
-1.08
-1.06
-1.04
-1.02
-1.00
Ωk
Figure 1: The curve corresponds to the equation of state wk as a function of t with µj = 1, a0 =
−κ = 1.
of the evolution of the universe: radiation dominated (w = 13 ) if µ1 = −2µ20 or matter dominated
(w = 0) if µ1 = − 32µ20 and late acceleration (w = −1). Figure 1 shows the evolution of the equation
of state wk as a function of t with µj = 1, a0 = −κ = 1. We mention that in our natural units,
constants νj and µj are dimensionless.
2 4 6 8 10
t
-1.06
-1.04
-1.02
-1.00
q
Figure 2: The curve corresponds to the deceleration parameter q as a function of t with µj =
1, a0 = −κ = 1.
At the same time, the deceleration parameter takes the form
q = − a¨a
a˙2
= −1− H˙
H2
= −1− µ1 + (3µ3 − µ1) tanh
2[t]− 3µ3 tanh4[t]
(µ0 + µ1 tanh[t] + µ3 tanh
3[t])2
. (4.4)
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Hence we see that q|t→0 = −1 − µ1µ2
0
, q|t→∞ = −1. So we find that our model predicts that the
transition from deceleration to acceleration occurs at µ1 = −µ20 in early time.
Figure 2 shows the evolution of the deceleration parameter q as a function of t for our model
(Example 2) with the µj = 1, a0 = −κ = 1. Also we note that ρk|t→0 = 3µ20, pk|t→0 =
−(2µ1 + 3µ20) and ρk|t→∞ = 3(µ0 + µ1 + µ3)2, pk|t→∞ = −3(µ0 + µ1 + µ3)2.
5 Conclusion
In the present paper, we have investigated the following model of k-essence:
K = ν0(t) + ν2(t) tanh[t]
2 + ν3(t) tanh[t]
3 + ...+ νM (t) tanh[t]
M (5.1)
for the cases when νj = const and M = 2, 6, 10. These k-essence models were presented in the
parametric forms. The exact analytical solutions of the corresponding equations of motion are
found. We studied their cosmological behaviors. It is shown that they can give rise to cosmic
acceleration.
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